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Abstract. In complex domains, a single type of knowledge and reasoningmethod
is often not sufficient for a decision support system to address the variety of tasks
a user performs. It is often necessary to determine which reasoning method would
be the most appropriate for each task, and a combination of different methods has
often shown the best results. We examine the strengths and weaknesses of two com-
plementary reasoning methods, case-based reasoning and Bayesian networks, and
discuss how they can be combined to form a more robust and better-performing
hybrid. We present a metareasoning system for automatically selecting the most vi-
able reasoning method for a particular input query at runtime, for a sustained learn-
ing scenario where an expert provides initial domain knowledge through modeling
illustrative cases.
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1. Introduction

Automated computer reasoning is a challenging field. There are a multitude of different
reasoning methods available, with different strengths, assumptions and learning biases.
The accuracy of a method depends on the specific domain and canbe difficult to pre-
dict in general, while a human expert can often determine whether a reasoning method
will be either particularly useful of inappropriate for a specific problem. Recently, there
has been a renewed interest in reasoning about reasoning, i.e.metareasoning, within au-
tomated computer reasoning systems [1]. In metareasoning there are generally two im-
portant aspects: introspection and meta-level control. Introspection refers to a system’s
ability to gather information about its own (object-level)reasoning processes, e.g. com-
putational performance data, and records of the steps takenduring reasoning. Meta-level
control aims to increase the quality of the combined reasoning system by deciding what
type of object-level reasoning to perform, based on the information collected from intro-
spection. Meta-level control can for example be used to balance a system’s limited re-
sources between computations and external (ground-level)actions that affect the world,
and dynamically adapting the specific computations and actions that are performed.



When using reasoning methods for real life applications, there are two different cat-
egories of uncertainty that are usually both present to somedegree: aleatoric uncertainty
and epistemic uncertainty. Aleatoric uncertainty refers to the general stochastic nature
of the domain, and refers to events having a certain probability of happening given the
right conditions. This is in contrast to e.g. axiomatic logic where an valid implication
means that a conclusionalwaysoccurs given the premise. On the other hand, epistemic
uncertainty is a general lack of knowledge. This refers to our incomplete understanding
of the domain, e.g. inaccurate beliefs about the causal relationships and models that do
not include all significant effects. To address these different types of uncertainty, we are
examining hybrid reasoning systems that combine reasoningmethods that handle each of
the uncertainty categories well. In the research presentedin this paper the two methods
we study are Bayesian networks (BN) for aleatoric uncertainty and case-based reasoning
(CBR) for epistemic uncertainty.

We present a reasoning architecture that uses metareasoning to automatically detect
at runtime whether CBR or BN should be used to solve a new problem query, given the
system’s current state of uncertainty. The approach is based on the identified character-
istics of CBR and BN regarding uncertainty, and the decisionfor each problem query is
based on the empirical results of using CBR and BN to solve other recently seen input
queries. This approach applies to domains with both aleatoric and epistemic uncertainty,
where there is a human expert who can provide a set of illustrative cases to initially
model the domain, and the system receives feedback about theactual outcomes of using
its predicted solutions to the problems it solves.

In the next two sections we summarize the essential properties of CBR and BN, with
an emphasis on their complementary strengths and weaknesses. Section 4 discusses how
hybrid combinations can be made from CBR and BN methods, and section 5 examines
how a meta-reasoner can be used to create such hybrid reasoning systems automatically.
A discussion and concluding remarks end the paper.

2. Case-based reasoning characteristics

In case-based reasoning (CBR) [2,3] a computer model is built up of a set of concrete
past situations, called cases, stored in a knowledge base referred to as a case base. CBR is
a method for problem solving that also incorporates learning from problems just solved.
The core knowledge component is the case, which in its basic form has two parts, a
problem description part and a problem solution part. The notion of a "problem" should
here be viewed in a general sense, i.e. as a state for which some inference or action is
called for that leads to a "solution", i.e. some result. Hence, a problem may be interpreting
a situation, posing a question, assessing a feature value, etc., as well as solving a larger
diagnostic, planning, or scheduling problem. The problem description part constitutes
the set of input features to the reasoning process, while theproblem solution part is the
system’s suggested solution to the problem. A third part is often added: outcome, i.e. the
result after having applied the solution to the problem. In its simplest form a single case
is represented as a list of attribute-value pairs, but more complex representations are also
frequently adopted, such as hierarchical description structures.

Reasoning methods of similarity assessment, pattern recognition, and analogical
mapping, rather than theory-driven methods, operate over this case base. A four-step



cycle describes the CBR problem solving and learning process (Figure 1): In the first
step, Retrieve, an input case is matched against the cases inthe case base, and the best
matching case is retrieved. In the next step, Reuse, the solution part of the best match-
ing case is used to construct a solution to the input case. Thetwo final steps enable the
system to learn from this problem solving session and updateits case base accordingly.
The proposed solution is first, in the Revise step, evaluatedin order to assess its quality.
This may be done by a human expert, by applying the solution tothe problem, or by
some additional computer model outside the CBR system - suchas a simulation system.
After evaluation the solution may be adjusted, and the case then enters the Retain step,
in which a new case may be constructed, the new case may be merged with an existing
case, or only the index structure may be updated.

The above description has focused solely on the case knowledge, i.e. the cases in the
case base. As Figure 1 shows, a CBR system’s knowledge base may also contain general
domain knowledge, for example a set of rules, a taxonomy, an ontology, or another multi-
relational domain model. Although all subareas of CBR have been subjects of active re-
search, up to now the Retrieve step, and in particular similarity assessment, has been the
most focused [4]. It is important to note that case retrievalis a partial matching process,
in which the best partial match is targeted. The definition ofa best match is contained in
the similarity assessment procedure. In the simplest CBR method, also referred to as an
instance-based method, a case is represented by a flat attribute-value list, and no general
domain knowledge is used. The degree of similarity between two cases is calculated by
summing up the number of identical attribute-value pairs, if we are dealing with sym-
bolic feature values, and by computing the numerical differences if the attributes have
numerical values. When general domain knowledge is used in the similarity assessment
method, a similarity metric can take different forms depending on how the knowledge is
used. An example expression is given in Equation 1:

sim(CIN , CRE) =

∑n

i=1

∑m

j=1
sim(fi, fj)× w(fj)∑m

j=1
w(fj)

(1)

Here each feature in a stored case is given a weight (w) that reflects its relevance for that
particular case. General domain knowledge is used to determine the degree of similarity
between any two features, independent of their position in the case or whether they are
superficially similar or not. In the above expression,CIN andCRE are the input and
retrieved cases, andn andm are the number of findings in each of them, respectively.fi
is theith finding inCIN , fj thejth finding inCRE , andw(fj) the weight of that finding.

It should be noted that case-based reasoning has been strongly motivated by cogni-
tive science research [3] and the similar abilities of the human mind [5]. For example, in
their daily practice clinicians make use of personal specific experiences gained through
daily work [6]. Past patient cases provide a level of specificity that focuses on single
patients rather than generalized principles, and are easier to describe than generalized
principles and dependencies. When modeling decision knowledge in a computer system,
an initial case base is therefore often easier to come up withthan a generalized model,
and can often be transferred from written documentation such as patient journals.

An important property of the CBR method is its "lazy" approach to modeling and
learning. Lazy in this sense means that CBR does not eagerly build generalizations of
its experiences in the learning phase, but store them as specific instances, and wait un-



Figure 1. The CBR cycle.
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Figure 2. An example BN over the nodes
{X1, . . . ,X5}. Only the qualitative part of the
BN is shown.

til the problem solving phase to determine in what way they should be used. This also
makes CBR suitable as a complementary method to generalization-based models: CBR
uses localized models to model a domain, and in that sense is able to fill in holes in a
knowledge base in a straightforward manner, i.e. just by adding another case. Hence,
epistemic uncertainty can easily be captured by a CBR model,whereas aleatoric uncer-
tainty, for which a known probability distribution over a set of states is assumed, favors
a generalized knowledge model, such as a BN model.

3. Bayesian networks characteristics

A Bayesian Network (BN), [7,8], is a compact representationof a multivariate statistical
distribution function. A BN encodes the probability density function governing a set of
random variables{X1, . . . , Xn} by specifying a set of conditional independence state-
ments together with a set of conditional probability functions. More specifically, a BN
consists of a qualitative part, adirected acyclic graphwhere the nodes mirror the random
variablesXi, and a quantitative part, the set of conditional probability functions. An ex-
ample of a BN over the variables{X1, . . . , X5} is shown in Figure 2, where only the
qualitative part is given. We call the nodes with outgoing edges pointing into a specific
node theparentsof that node, and say thatXj is adescendantof Xi if and only if there
exists a directed path fromXi toXj in the graph. In Figure 2X1 andX2 are the parents
of X3, writtenpa (X3) = {X1, X2} for short. Furthermore,pa (X4) = {X3} and since
there are no directed path fromX4 to any of the other nodes, the descendants ofX4 are
given by the empty set and, accordingly, its non-descendants are{X1, X2, X3, X5}.

The edges of the graph represents the assertion that a variable is conditionally inde-
pendent of its non-descendants in the graph given its parents in the same graph. Other
conditional independence statements can be read off the graph by using the rules ofd-
separation[7]. The graph in Figure 2 does for instance assert that for all distributions
compatible with it, we have thatX4 is conditionally independent of{X1, X2, X5} when
conditioned on{X3}.



When it comes to the quantitative part, each variable is described by the conditional
probability function of that variablegiven the parentsin the graph, i.e., the collection
of conditional probability functions{f(xi|pa (xi))}

n
i=1

is required. The underlying as-
sumptions of conditional independence encoded in the graphallow us to calculate the
joint probability function as

f(x1, . . . , xn) =

n∏

i=1

f(xi|pa (xi)). (2)

A BN is a model of general domain knowledge. One of the main arguments for using
BNs over other model-based reasoners is the framework’s sound inference engine. One
can calculate the belief in any query given any evidence (e.g. the probability of an object
being from a specific class given the attributes describing that object). Mathematically,
we say that we can calculate arbitrary marginal distributions,f(xi, xj , xk) as well as ar-
bitrary conditional distributions,f(xi, xj |xk, xℓ). The inference engine utilises the con-
ditional independence statements asserted by the model rather efficiently, which makes
BNs well suited for modelling complex systems. Models over thousands of variables are
not uncommon.

The qualitative part of the BN (the graph) has an intuitive interpretation as a model
of causal influence. Although this interpretation is not necessarily entirely correct, it is
helpful when the BN structure is to be elicited from experts.Furthermore, it can also
be defended if some additional assumptions are made [9]. These assumptions are often
acceptable in real-life situations, in particular if cause-effect relations are the most im-
portant pieces of knowledge to encode. In such cases, the building of a BN structure is a
viable (although sometimes rather time-consuming) task toperform by domain experts.

To elicit the quantitative part from experts, one must acquire all conditional distribu-
tions ({f(xi|pa (xi))}

n
i=1

in Equation 2). Once again the causal interpretation can come
in as a handy tool, but the quantification of the probability distributions is commonly
regarded as the most challenging phase of the BN modelling process. Empiric studies
(e.g., [10]) have shown that the results of a query are ratherinsensitive to small variations
in the definition of the conditional distributions, but rather sensitive to variations in the
model structure.

As a modelling framework thoroughly grounded in probability theory, there are ef-
ficient methods for learning BNs from data. Methods for batchlearning of the quantita-
tive part of the BN from data date back to the work of [11], see also [12]. Methods for
batch learning the qualitative part from data was pioneeredby [13], see also [14,15] .
Incremental techniques have also been explored, see e.g. [16].

The BN theory mentioned so far assumes that all the variablesin the domain arecat-
egorical. Defining extensions of the BN framework to also support models that contain
both discrete and continuous variables is currently a lively research area, but not yet fully
matured. The common approach is to translate continuous variables to discrete interval-
variables, then consider all discrete variables (including categorical, ordinal, and interval
variables) as if they were categorical. This process inevitably leads to a loss of precision.

Another property of the BN modelling framework worth mentioning, is that as it
uses probability distributions to model a domain, it is viable to model aleatoric uncer-
tainty. Epistemic uncertainty cannot easily be captured naturally by a BN model, and
if a decision maker is faced with this type of uncertainty, one may consider alternative
modelling frameworks, such as CBR.



Figure 3. BN-CBR-1 Architecture Figure 4. BN-CBR-2 Architecture

Figure 5. CBR-BN-1 Architecture Figure 6. CBR-BN-2 Architecture

4. Hybrid CBR-BN combinations

Before we build a hybrid with BN and CBR, we must determine howthe systems should
be combined. We split the reasoning about the problem data according to their character-
istics. For example, BN is suitable for global models with uncertainty. CBR on the other
hand is suitable for local models with a lot of details and a good similarity function, and
for easily representing situations to avoid as exceptions.

In a recent study we identified four basic sequential combinations for integrating BN
and CBR reasoning processes [17]. These combinations are depicted in Figures 3 to 6,
and use the following variable types: input variablesIi that are taken from the problem
description, mediating variablesAj that represent nodes in the BN model, an interme-
diate variableD that is calculated from the first reasoner and transferred tothe second,
and the final classification variableC that is computed by the second reasoner. There
are two fundamental BN-CBR sequences and two CBR-BN sequences. Figure 3 shows
the BN-CBR-1 sequence, where the BN component is used to identify and activates the
most relevant cases in the case base, and then the CBR component solves the problem
by using only the activated cases as its case base. This architecture was used by Gomes
[18] and early work in our research group [19].

Figure 4 shows the BN-CBR-2 sequence. The BN component calculates an interme-
diate variableD from the input variables, which contains additional usefulinformation
for retrieving cases and is transferred to the CBR system. The CBR component uses the
problem’s input variables together with this additional variableD to find a similar case to
solve the problem. A similar architecture was used by early work in our research group
[19].

The CBR-BN-1 sequence is shown in Figure 5, which follows thesame principle as
BN-CBR-2 but adapted to transfer from BN to CBR. The CBR component finds a similar
case from the input variables and transfers an intermediatevariableD to the BN system.
The BN system calculates the classC from the given input variables and variableD.

CBR-BN-2 is the last sequence and it is shown in Figure 6. In this combination
the case base contains different BN models, and CBR is first used to find a similar case
which has a specific BN model as its solution. This BN model is then loaded and used to



calculate the classC based on the input variables. This architecture was used by Pavón
et al. [20] and Louvieris et al. [21].

One or more of these basic sequences can also be put together into a larger hybrid
system. As an illustrative example, let us assume that the task is to recommend a suitable
place of study for a person, using CBR-BN-1 and BN-CBR-2 to create a CBR-BN-CBR
hybrid. CBR is first used to detect exceptions, such as the student already being enrolled
elsewhere, or that the student has cheated and is not qualified. If one of these exceptions
is found the reasoning stops and no new place of study is found. When there are no
exceptions, the next step is using a BN to calculate a generalplace of study. If the student
is good with numbers then a school of management is suggested, or if the student has
good grades in natural science then an engineering program from a college is suggested.
CBR is then used again to take the suggestion and find a concrete program at a particular
higher education facility, perhaps with further constraints based on the student’s grades.
In this way the first CBR system filters out persons, the BN system calculates a type of
school, and the second CBR system finds the most suitable school or university.

5. Automatic combination using metareasoning

A practical problem for creating hybrid systems is that there are many different archi-
tectures to choose from, and it is time-consuming to build a reasoning system to exam-
ine and evaluate even just one of the possible combinations.This is partially alleviated
by following sound software engineering concepts, and providing modular implementa-
tions with abstractions that encapsulate the executable code in components that can be
reused. The same BN implementation can be used both for a system that only uses a
BN to solve problems directly, and for a combination that first uses CBR to retrieve a
problem-specific BN to be used. In this way a new system can be specified easily, by
just changing which component sends its output to the other,or by changing a parameter
such as which similarity measure to use.

In our metareasoning architecture algorithms that are implemented as reusable com-
ponents in this way are used as building blocks for reasoningduring run-time. They can
be viewed as a form of language for specifying reasoning systems at the meta-level. This
connection to (formal) languages is not accidental [22]. Ametalanguageis a language
used to discuss a language, and such metalanguages have beenformally explored in logic
and linguistics. The act of introspection or reflection generally corresponds to anup-
ward shift from one level to a meta-level, and for languages this meansreferring to a
word instead ofusinga word in written text. For a reasoning system it means referring
to a reasoning process through a form of possibly implicit naming or labeling, instead
of directly referring to the problems that are solved. In an earlier paper we introduced a
vocabulary to describe problems and reasoning methods for such a meta-level reasoning
system [23].

A popular direction for using metareasoning in CBR systems is to use traces of
object-level reasoner behavior as the meta-data [24]. These traces list the steps of the
process the object-level reasoner performs, and then a formof meta-level control is used
to detect and correct problems. In contrast to this error-correcting approach, we focus
on using computational performance data as the meta-data. Based on their complemna-
try strength related to the two categories of uncertainty, our metareasoning architecture



combines CBR and BN, by detecting at runtime which algorithmis producing the best
solutions. We focus on a class of domains containing both aleatoric and epistemic un-
certainty. The domain has stochastic elements but human experts use experience and re-
member previous incidents and consider them when solving new problems, and do not
think about the domain as conditional probability distributions. For such domains, a hu-
man expert provides an initial set of illustrative cases forthe CBR component, which
attempts to cover the range of problem categories the expertusually considers in their
work.

Additonally, our architecture is designed to support sustained learning, where the
system continues to learn from new problem solving experiences while it is running,
by evaluating the proposed solution of a problem based on itsoutcome. In the CBR
component this is the purpose of the retain step, which adds new cases to the case base
and generalizes and improves existing cases. On the other hand, the underlying aleatoric
uncertainty in the domain means that a BN system can perform well if it is trained on
statistically representative training data.

For a new problem query, our system chooses either the CBR or BN component
based on their empirical performance on the most recent problems the system has solved.
The underlying assumption in this approach to hybridization is that a reasoning method
which performs well on a certain task will continue to do so inthe future, and that
changes in classification accuracy when learning occur gradually.

6. Discussion

When our assumptions are correct, the characteristics of such a domain means that a
CBR system created using expert knowledge will quickly be able to produce fairly good
results, by using a simplified model that’s a direct expression of the expert’s methodology
and understanding of the domain. However, for the way the CBRsystem is used in this
scenario, the sustained learning aspect will be limited. This is because the cases learned
from the domain will not have the additional richness of an expert trying to communicate
the significant effects in the domain, they will just be the problems the system happens to
encounter. The sustained learning aspect will therefore mostly be accomplished by filling
in data for which the expert didn’t already provide guidance, while the performance on
already covered cases will stay but not increase significantly.

On the other hand, the BN reasoner will start out from a very disadvantaged po-
sition. BN’s statistical learning is founded on learning the probabilistic relations in the
domain from training data, and using these learned relations to solve problems. A set of
illustrative cases provided by an expert will typically nothave the statistical properties
as the real problems to be solved. However, the BN will be ableto take full advantage of
the new problems the system encounters. These problems willnaturally be drawn from
the same distribution the system has to solve, because theyare the problems the sys-
tem encounters. Because of how the BN does not receive usefulinformation from the
expert in this scenario, the BN component will initially perform poorly, but learn well
from the problem solving experiences that contain the real outcome from using the solu-
tions to address the problems in the real world. In our scenario the BN component uses
a fundamentally different approach to solving problems in the domain, which will im-
prove as new problems are solved and can go beyond the human expert’s and the CBR
component’s approach.



A benefit of using an automatic metareasoning approach to create these combina-
tions is that the computations can be dynamically adapted. For our scenario, this means
that we empirically detect when there is enough representative training data for the BN to
generally produce better results than the modeled CBR knowledge base. Even when our
qualitative assumptions hold, we cannot reliably predict in general how much training
data would be needed for the BN to be preferable, which depends on the exact charac-
teristics of the specific task being performed.

The metareasoning layer also adds additional learning challenges to the combined
reasoning system. If only the outcome of the final chosen solution can be retrieved, then
there is an additional exploration/exploitation aspect connected to choosing whether to
update the performance data for the assumed "worst" method,or simply using the "best"
method to get the best results. The meta-level learning alsoadds an additional learning
bias about the reasoning methods. For an especially peculiar domain where the relative
performance of CBR and BN methods fluctuated wildly as they learned, the metareason-
ing layer would not be able to learn from its performance measurement meta-data, and
this approach would not work.

Our metareasoning architecture can be extended in numerousways, using both CBR
and BN methods and possibly including other reasoning methods as well. The presented
architecture matches the identified strengths and weaknesses of CBR and BN regarding
types of domain uncertainty, but it is possible to add additional improvements on top.
One approach is to also include hybrid sequential combinations as base reasoning com-
ponents, and choosing the hybrid combination sequence thatproduces the best empirical
results. Another approach is to use a form of CBR at the meta-level: instead of evaluat-
ing the most recent performance, we can evaluate the most recent performanceon sim-
ilar problems, using an additional meta-level similarity measure that issuitable for this
purpose.

The CBR and BN methods used in the metareasoning hybrid approach can also
provide extended functionality in addition to solving problems. As two notable examples,
the CBR approach is particularly good at adding exceptions that can be used to retrieve
short-cut solutions instead of performing the normal reasoning, and BN can answer many
other questions about the statistical properties of the domain, such as the probability for
every possible classification as a solution, or the chance ofa problem having particular
attributes given the observed outcome.
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