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Abstract. The F&B-index is used to speed up pattern matching in tree
and graph data, and is based on the maximum F&B-bisimulation, which
can be computed in loglinear time for graphs. It has been shown that the
maximum F-bisimulation can be computed in linear time for DAGs. We
build on this result, and introduce a linear algorithm for computing the
maximum F&B-bisimulation for tree data. It first computes the maxi-
mum F-bisimulation, and then refines this to a maximal B-bisimulation.
We prove that the result equals the maximum F&B-bisimulation.

1 Introduction

Structure indexes are used to reduce the cost of pattern matching in labeled
trees and graphs [5,15,10], by capturing structure properties of the data in a
structure summary, where some or all of the matching can be performed. Efficient
construction of such indexes is important for their practical usefulness [15], and
in this paper we reduce the construction cost of the F& B-index [10] for tree data.

In a structure index, data nodes are typically partitioned into blocks based on
properties of the surrounding nodes. A structure summary typically has one node
per block in the partition, and edges between summary nodes where there are
edges between data nodes in the related blocks. Matching in structure summaries
is usually more efficient than partitioning the data nodes on label and using
structural joins to find full query matches [15,10].

In a path index, data nodes are classified by the labels on the paths by which
they are reachable [5,15]. For tree data this equals partitioning nodes on their
label and the block of the parent node. Figures 1c and 1b show path partitioning
and the related summary for the example data in Figure 1a. With path indexes,
non-branching queries can be evaluated without processing joins [15,19].

A natural extension of a path index is the F&B-index, where nodes are
partitioned on both their label, the partitions of the parents, and the partitions
of the children, as shown in Figure 1d. This gives an index where more of the
pattern matching can be performed on the summary, and also branching queries
can be evaluated without processing joins [10].

* Original version appeared in the proceedings of XSym 2010 [7].



(a) Example query and data. Single/double query edges  (b) Path summary.
specify parent—child/ancestor—descendant relationships.
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(c) Path partition. (d) F&B partition.
Fig. 1: Partitioning strategies. Superscripts and subscripts give node identifiers.
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The focus of this paper is efficient computation of the maximum simultaneous
forward and backward bisimulation (F&B-bisimulation), which is the underlying
concept used to partition nodes in the F&B-index. It can be computed in time
loglinear in the number of edges in the graph [10]. A linear construction algorithm
for directed acyclic graphs (DAGs) has been presented recently [13], but we show
that it is incorrect. On the other hand, there exists a correct algorithm which
can compute either the maximum forward bisimulation (F-bisimulation) or the
maximum backward bisimulation (B-bisimulation) in linear time for DAGs [3].
We extend this algorithm to compute the maximum F&B-bisimulation in linear
time for tree data. This has relevance for applications where the underlying data
is known to be tree shaped, such as in many uses of XML [6].

2 Background

In this section we present different types of bisimulations, and show how they
can be computed by first partitioning on label, and then stabilizing the graph.
We use the following notation: A directed graph G = (V, E) has node set
V and edge set E CV x V. Let n = |V|and m = |E|. For X CV, E(X) =
{w]3Jv e X :vEw} and E7YX) = {u | v € X : uEv}. Each node v € V
has label L(v). A partition P of V' is a set of blocks, such that each node v € V
is contained in exactly one block. For an equivalence relation ~C V x V|, the
equivalence class containing v € V' is denoted by [v].. The equivalence relation
arising from the partition P is denoted =p. A relation Ry is a refinement of
Ry iff Ry C Ry. A partition P» is a refinement of the coarser Py iff =p, C=p,.



Let the contraction graph of a partition P be a graph with one node for each
equivalence class of =p, and an edge ([u]=,, [v]=,) whenever (u,v) € E.

The structure summary built for a structure index is typically isomorphic
with the contraction graph for the data partition. For a partitioning to be useful,
it must yield a summary that somehow simulates the data, such that pattern
matching in the summary gives the same results as pattern matching in the data,
or at least no false negatives. If nodes are partitioned into blocks where nodes
in some way simulate each other, then the contraction graph also simulates the

data in the same way.

2.1 Bisimulation and Bisimilarity

Broadly speaking, bisimulations relate nodes that have the same label and re-
lated neighbors. We use the following properties of a binary relation R C V x V
to formally define the different types of bisimulation:

vRv' = L(v) = L(v') (1)
vRv = (uBv = ' 1 u'Ev' AuRu') A

(v'Ev' = Ju: uBv AuRu') (2)
vRY = (vEw = Jw’ : v Ew' AwRw') A

(V'Ew' = Jw : vEw A wRw') (3)

Definition 1 (Bisimulations [14,10]). A relation R is a B-bisimulation iff it
satisfies (1) and (2) above, an F-bisimulation iff it satisfies (1) and (3), and an
F&B-bisimulation iff it satisfies (1), (2) and (3).

For each type, there exists a unique maximum bisimulation, of which all
other bisimulations are refinements [14,10]. We say that two nodes are bisimilar
if there exists a bisimulation that relates them, i.e., they are related by the
maximum bisimulation. Since bisimilarity is an equivalence relation, it can be
used to partition the nodes [14, 10]. When nodes u and v are backward, forward,
and forward and backward bisimilar, we write u ~g v, u ~p v and u ~pgRB v,
respectively. Figure 2 illustrates the different types of bisimilarity.
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Fig. 2: Partitioning on different types of bisimilarity.

Two graphs are said to be bisimilar if there exists a total surjective bisimu-
lation from the nodes in one graph to the nodes in the other. For a given graph,
the smallest bisimilar graph is unique, and is exactly the contraction for bisimi-
larity [3]. The F&B-bisimilarity contraction is the basis for the F&B-index [10].



2.2 Stability

The different types of bisimilarity listed in the previous section can be computed
by first partitioning the data nodes on label, and then finding the coarsest stable
refinements of the initial partition [16,4,10]. A partition is successor stable iff
all nodes in a block have incoming edges from nodes in the same set of blocks,
and is predecessor stable iff all nodes in a block have outgoing edges to the same
set of blocks [10]. The coarsest successor, predecessor, and successor and prede-
cessor stable refinement of a label partition, equal a partition on B-bisimilarity,
F-bisimilarity and F&B-bisimilarity, respectively [4, 10].

Definition 2 (Partition stability [16,10]). Given a directed graph G =
(V,E), then D C V is successor stable with respect to B C V iff either all
or none of the nodes in D are pointed to from nodes in B (meaning D C E(B)
or DN E(B) = (), and D is predecessor stable with respect to B iff either
none or all of the nodes in D point to nodes in B (meaning D C E~!(B) or
DNE-YB)=0).

For any combination of successor and predecessor stability, a partition P of
V is said to be stable with respect to a block B if all blocks in P are stable with
respect to B. A partition P is stable with respect to another partition @ if it is
stable with respect to all blocks in ). P is said to be stable if it is stable with
respect to itself.

Figure 3 shows cases where a block can be split to achieve different types of
stability. The block D is not stable with respect to B, but we can split it into
blocks that are: Assume that D is stable with respect to a union of blocks §
such that B C S. We can split D into blocks that are stable with respect to
both B and S\ B, shown as Dp, Dpg and Dg in the figure. Stabilizing also
with respect to S\ B is crucial for obtaining a O(mlogn) running time in the
partition stabilization algorithm explained in the next section.

(a) Suce-stability. (b) Pred-stability.

Fig. 3: Refining D into blocks that are stable with respect to B and S\ B.



2.3 Stabilizing graph partitions

We now go through Paige and Tarjan’s algorithm for refinement to the coarsest
predecessor stable partition [16], extended to simultaneous successor and prede-
cessor stability by Kaushik et al. [10], as shown in Algorithm 1. The input to
the algorithm is a partition P and the set of flags Directions C {Succ, PRED},
which specifies whether P is to be successor and/or predecessor stabilized.

Algorithm 1 Graph partition stabilization.

1: > P is the initial partition.
2: function StabilizeGraph(P, Directions):
for dir € Directions:
InitialRefinement (P, dir)
X < {Upep B}
while P # X:
Extract B € P such that B C S € X and |B| < |S|/2.
Replace S by B and S\ B in X.
for dir € Directions:
StabilizeWRT (copy of B, P, dir)

—_

Figure 4 illustrates an example run of the algorithm with Directions =
{Succ, PRED}. In addition to the current partition P, the algorithm maintains
a partition X, where the blocks are unions of blocks in P. Initially X contains
a single block that is the union of all blocks in P, and the algorithm maintains
the loop invariant that P is stable with respect to X by Definition 2. The algo-
rithm terminates when the partitions P and X are equal, which means P must
be stable with respect to itself. But the loop invariant may not be true for the
given input partition initially: Blocks containing both roots and non-roots are
not successor stable with respect to X, because non-roots have incoming edges
from the single block S € X, while roots do not. Similarly, blocks containing
both leaves and non-leaves are not predecessor stable with respect to X. In Al-
gorithm 1 initial stability is achieved by calls to InitialRefinement(), which splits
blocks in a simple linear pass. Initial splitting is illustrated by the step from line
(a) to line (b) in Figure 4.

The algorithm repeatedly selects a block S € X that is a compound union of
blocks from P, and selects a splitter block B C S with size at most half of S. Then
S is replaced by B and S\ B in X, as shown when extracting B = {as, ag, 215}
between lines (b) and (c¢) in Figure 4. The call to StabilizeWRT() uses the
strategies depicted in Figure 3 to stabilize P with respect to both B and S\ B,
to make sure P is stable with respect to the new X. It is important to use a
copy of B as splitter, as the stabilization may cause B itself to be split. The step
from line (b) to (c¢) in the figure shows that a block of nodes labeled a is split
when successor stabilizing with respect to B = {as, ag, a5}

Efficient implementation of the above requires some attention to detail [16]:
The partition X can be realized through a set X containing sets of pointers to
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Fig. 4: Algorithm 1 doing successor and predecessor stabilization on a label par-
tition of the data from Figure la. The white boxes are the current blocks in P,
while the gray boxes are the current blocks in X. Line (a) shows initial label par-
tition. Step (a)—(b) shows refinement separating roots from non-roots and leaves
from non-leaves, and steps (b)—(1) show simultaneous predecessor and successor
stabilization.

blocks in P, such that for each S € X we have S = [Jz.s B for the related
S € X. To extract a B C S € X in constant time, we also maintain the set of
compound unions C = {S € X | 1 < |S|}. A block B C S such that |B| < |S]/2
can be found by choosing the smalllest of the two first blocks in any S € C. Note
that we can check if P = X by checking whether C is empty, and neither P, X
nor X need to be materialized, as they are never used directly. You only need
to maintain C, and a P C P containing the blocks in P not in some S € C. For
inserting and removing elements in constant time, the sets are implemented as
doubly linked list. In addition, each v € B has a pointer to B, and each B € S
has a pointer to S. This allows keeping the data structures updated throughout
the evaluation.

As all operations in the while-loop excluding the calls to StabilizeWRT() are
constant time operations on linked lists, the complexity of the loop is bounded by
the number of splitter blocks selected, which again is bounded by the number of
times a node may be part of such a splitter. Splitter blocks at most half the size
of a compound union are always selected, and no node in this block is part of a
splitter again before the block itself has become a compound union. This means
that the number of times a given node is part of a splitter block is O(logn), and
that the total number of splitter blocks used is O(nlogn) [16].



Algorithm 2 shows how all blocks in a partition P can be successor (or
predecessor) stabilized with respect to a block B € P and S\ B, where B C S €
X, in time linear in the number of edges going out from (or into) B [16]. For
successor stability, only blocks D pointed to from B are affected, and they are
stabilized with respect to both B and S\ B without involving S\ B directly. This
is done by maintaining for each node v € V, the number of times it is pointed
to from each set S € X, and storing references to these records from the related
edges. We can then differentiate between nodes pointed to from B, pointed to
from both B and S\ B, and pointed to only from S\ B. Nodes from the first
two categories are moved into new blocks, while the rest are untouched.

Algorithm 2 Stabilizing with respect to a block
1: function StabilizeWRT (B, P, d):

2: Assume dir = Succ. (or PRED)
3: for D € P pointed to from B: (or pointing into B)
4: Initialize D and Dgg and associate with D.

5: for v € D € P pointed to from B: (or pointing into B)
6: if v is pointed to only from B: (or pointing only into B)
T D' «+ Dg

8: else:

9: D' < Dps

10: if D' ¢ P: Insert D’ after D in P

11: Move v from D to D’.

12: if D = 0: Remove D from P.

As the cost of a single call to StabilizeWRT() is bounded by the number of
nodes in the splitter block and the number of outgoing (or incoming) edges, the
total cost for the calls is O((m 4 n)logn), as a given node or edge is used for
splitting O(log n) times. Assuming n € O(m), the cost of Algorithm 1 is O(n) for
the initial refinement, O(nlogn) for the while-loop excluding StabilizeWRT(),
and O(mlogn) for the StabilizeWRT() calls, giving a total of O(mlogn) [16, 10].

3 Linear Time Stabilization

Linear time computation of F&B-bisimilarity for DAG data has been attempted
earlier. The SAM algorithm [13] partitions the data separately on B-bisimilarity
and F-bisimilarity, and then combines the partitions by putting two nodes in the
same final block iff they are in the same blocks in both partitions. It builds on
the following theorem, which is stated without proof or reference: “Node ny and
node ny satisfy FEB-bisimulation if and only if they satisfy F-bisimulation and
B-bisimulation.” The only if part is of course true, but the if part is not, as can
be seen from the partitioning of a tree with six nodes in Figure 2. Here c¢3 ~p c5
and c3 ~p c5, but c3 %L pgp c5, because for the parent nodes by X pgp by. Also
note that it is assumed for the running time of the SAM algorithm that the
number of edges to and from each node can be viewed as a constant.



3.1 Stabilizing DAG partitions

We now present an algorithm for refining a partition of the nodes in a DAG
either to successor stability or to predecessor stability. It is based on two differ-
ent previous algorithms: Paige and Tarjan’s loglinear algorithm for stabilizing
general graphs [16], and Dovier, Piazza and Policriti’s algorithm for computing
F-bisimilarity on unlabeled graphs [3], which has linear complexity for DAG
data. A difference between these two algorithms is that the former is given an
initial partition as input, which is then refined, while the latter starts with the set
of singleton blocks, from which the final partition is constructed. These are called
negative and positive strategies, respectively [3]. Dovier et al. describe how their
algorithm can be extended to compute F-bisimilarity for labeled data, but when
developing an algorithm for refining to simultaneous successor and predecessor
stability in the next section, we use the result of a predecessor stabilization as
input to a successor stabilization, and hence cannot use a positive strategy.

Dovier et al.’s algorithm initially computes the rank of each node in the
DAG, which is the length of the longest path from the node to a leaf. We extend
the notion of rank to both directions in the DAG:

Definition 3 (Rank). In a DAG G, the successor and predecessor rank of
v € V(G) is defined as:

ranksucc(v) = {0 if v is e? root in G
1+ max(y,vye p(q) ranksvec(u) otherwise

rankpgep (V) = {O if v is E% leaf in G
L+ maX(v,wye E(G) rankprep (W) otherwise

Algorithm 3 shows our modification of Paige and Tarjan’s algorithm [16]
based on Dovier et al.’s principles [3]. It refines a partition of a DAG either to
predecessor or to successor stability, and runs in linear time, due to the order
in which splitter blocks are chosen.

Algorithm 3 DAG partition stabilization.

1: > Assume sets are ordered.

2: function StabilizeDAG(P, dir):

3: RefineAndSortOnRank (P, dir)

X < {Uger B}

while P # X:
Extract first B € P such that B C S € X.
Replace S by B and S\ B in X.
StabilizeWRT (B copy, P, dir)

A run of the algorithm with dir = PRED is illustrated in Figure 5. Instead
of only separating between leaves and non-leaves (or roots and non-roots) as in



Algorithm 1, blocks are initially split such that predecessor (or successor) rank
is uniform within each block, and sorted, such that the rank is monotonically
increasing in the partition. This is done in the function RefineAndSortOnRank(),
which is described later in this section. An initial refinement and sorting on
predecessor rank is shown when going from line (a) to line (b) in Figure 5.
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Fig.5: Using Algorithm 3 to predecessor stabilize a label partition of the data
from Figure 1la. The first step shows refinement on predecessor rank.
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In a partition that respects a given type of rank, let the rank of a block be
equal to the rank of the contained nodes. The following lemma implies that the
initial refinement on rank does not split blocks unnecessarily:

Lemma 1. Given nodes u,v € V(G) and a partition P of G, if P is successor
stable then [u]—, = [v]=, = ranksycc(u) = ranksycc(v), and if P is predecessor
stable then [u]—, = [v]=, = rankpgep(u) = rankprep(v).

Proof. For F-bisimilarity [u]., = [v]~, = rankpgep(u) = rankpges(v) [3]. If P is
predecessor stable, then =p is an F-bisimulation [4], and therefore a refinement
of partitioning on ~p, such that [u]=, = [v]=, = [u]~, = [v]~,. The case for
successor stability is symmetric. a

The next lemma implies that if blocks are chosen as splitters in order of their
rank, a node will be part of a block that is used as a splitter at most once. This
property is used to achieve a linear complexity in our algorithm.

Lemma 2 ([3]). Given a DAG G, a partition P of G that respects predecessor
rank and a block B € P, predecessor stabilization of P with respect to B only
splits blocks D where rankpprgp (D) > rankprgp(B).

This is symmetric for successor stabilization and successor rank, as a reversed
DAG is also a DAG.



In Algorithm 3 the blocks in the current partition P are maintained ordered
on rank. This is implemented through a detail in our method for stabilization
with respect to a block in Algorithm 2, which is different from the original
description [16]: The new blocks D and Dpg are inserted into P on the position
after the old block D, and not at the end of P. The sets of blocks which make
up the unions in X are also ordered such that their concatenation yields an
ordered list of blocks. This is maintained by inserting B followed by S\ B on
the original position of S in X. Notice how blocks never change positions during
the stabilization shown in lines (b)—(i) in Figure 5.

In Dovier et al.’s algorithm, rank is computed by performing a topological
traversal of the DAG depth first [3]. Because we need to refine a given partition
on rank, as opposed to constructing a partition on rank from scratch, the problem
is slightly more involved. Algorithm 4 shows how a partitioning can be refined
and sorted on successor or predecessor rank in a single pass. The algorithm
traverses the DAG with a hybrid between a topological sort and a breadth first
search, implemented using edge counters and a queue. Blocks are refined and
sorted on the fly.

Algorithm 4 Refining and sorting on rank.
1: function RefineAndSortOnRank (P, dir):

2: Assume dir = Succ (or dir = PRED)
3: Q is a queue.
4: for v € V:
5: v.count + [{z | {(z,v) € E}| (or {z | (v,z) € E}|)
6: if v.count = 0:
7: v.rank gir <+ 0
8: PushBack(Q, v)
9: for B € P:
10: B.currRank < —1
11: while Q:
12: v <— PopFront(Q)
13: Let B > v.
14: if v.rank 4ir # B.currRank:
15: B.rankedB « {}
16: Append B.rankedB at the end of P.
17: B.currRank < v.rank gir
18: Move v from B to B.rankedB
19: Remove B from P if empty.
20: for z where (v,z) € E: (or (z,v) € E)
21: x.count < x.count — 1
22: if z.count = 0:
23: x.rank g < v.rank g + 1

24: PushBack(Q, z)




Lemma 3. Algorithm 4 refines and orders P on successor (or predecessor) rank
in O(m + n) time.

Proof (Sketch). Because the queue is initialized with the roots, and a node is
added to the queue when the last parent is popped from the queue, the nodes
are queued and popped in order of successor rank, and this distance is calculated
from the parent node with the greatest successor rank. As the successor rank
of the nodes that are moved to a new block grows monotonically, only one
associated block B.rankedB is created per successor rank found in block B, and
all such blocks are appended to P in sorted order. As a node is only queued once,
and the cost of processing a node is proportional to the number of outgoing edges,
the total running time of the algorithm is O(m + n). The case for predecessor
rank is symmetric. a

Theorem 1. Algorithm 3 yields the coarsest refinement of a partition of a DAG
that is successor (or predecessor) stable.

Proof (Sketch). For predecessor stability, the only differences from Paige and
Tarjan’s algorithm are the initial refinement and the order in which splitter
blocks are chosen. By Lemma 1 blocks are not refined unnecessarily when re-
fininig on rank, and the order of split operations is not used in the correctness
proof for the original algorithm [16]. Successor stability is symmetric. a

To implement Algorithm 3 we use the same underlying data structures as
for Algorithm 1: doubly linked lists C and P realizing X and P. In Algorithm 3,
the extract operation is implemented by removing the first B € S from the first
S € C. The replace operation is implemented by moving B from S to the end of
P, and if only one block B’ is left in S, this B’ is also moved from S to P, and
S is removed from C.

Theorem 2. The running time of Algorithm 3 is O(m + n).

Proof (Sketch). We analyze the cost of StabilizeWRT() separately. Outside the
while loop, the call to RefineAndSortOnRank() has cost O(m +n) by Lemma 3,
and the construction of C and P has cost O(|P|) € O(n). As splitters are chosen
in order of their rank, by Lemma 2 a splitter block is not later split itself. This
means that each node is only part of a splitter once, and that the while-loop
is run O(n) times. The loop condition is implemented by checking if C # 0. As
all the operations on linked lists inside the loop have complexity O(1), the total
cost of the while-loop is O(n). The StabilizeWRT() function is called O(n) times,
and the cost of one call is linear in the number of nodes and edges used [16]. As
nodes are only part of a splitter block once, edges are also only used for splitting
once, and the total cost is O(m + n). O



3.2 Stabilizing Trees

We now present an algorithm for finding the coarsest successor and predecessor
stable refinement of the nodes in a tree. It uses the solution for DAGs from
the previous section to refine a partition first to the coarsest predecessor stable
refinement, and then to the coarsest successor stable refinement, as shown in
Algorithm 5. For trees this yields a partition that is still predecessor stable, as
we prove in the following.

Algorithm 5 Stabilization for trees

1: function StabilizeTree(P, Directions):

2: if PRED € Directions:
StabilizeDAG (P, PRED)

if Succ € Directions:
StabilizeDAG(P, Succ)

Figure 6 shows with a continuation of Figure 5 how Algorithm 5 is used to find
a successor and predecessor stable refinement. The starting point in the figure is
a predecessor stable refinement found after calling StabilizeDAG(P, PRED). This
partition is then successor stabilized by calling StabilizeDAG(P, Succ), which
first refines and sorts on successor rank, shown between lines (i) and (j) in the
figure, and then uses the blocks in the current P as splitters in order, shown
in lines (j)—(t). Compare this partition with the F&B-bisimilarity partition in
Figure 1d.
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Fig. 6: Continuing Fig. 5: Line (i) shows predecessor stable partition, step (i)—(j)
shows successor rank refinement, and steps (j)—(t) show successor stabilization.



Theorem 3. If a predecessor stable partition of the nodes in a tree is refined
to successor stability, the resulting partition is still predecessor stable.

Proof (Sketch). Blocks are split in three ways: To refine on rank, with respect
to a block B € P, or as a side effect with respect to S\ B in Algorithm 2.
By Lemma 1, the first type of split does not cause any split that would not
eventually be caused by an algorithm that iteratively refines P with respect to
a random block B € P, and from the correctness proof of Paige and Tarjan’s
algorithm [16], neither does splitting with respect to S\ B.

‘We now use induction on the refinement steps, and show that the partition P
remains predecessor stable. It is true initially by assumption. The induction step
is to split a block D € P on successor stability with respect to a block B € P.

B will split D into two parts Dp and Dg, containing the nodes pointed to
and not pointed to from B, respectively. The splitting of D may only affect
the predecessor stability of the new blocks Dp and Dg with respect to their
descendants, and of the set of blocks B pointing into D with respect to Dp and
Dgs. After the split, B C E~Y(Dp) and BN E~Y(Dg) = 0, and for all other
B’ € B we have that B'N E~1(Dg) = 0 and B’ C E~!(Dg), because these B’
by assumption have pointers into D, but by the fact that the data is a tree, do
not have pointers into Dp.

For any block G pointed to from some node in D, D C E~1(G) by the initial
assumption of predecessor stability, meaning all nodes in D point into G. This
means that all nodes in Dp and Dg also point into G, and thus Dp and Dg are
predecessor stable with respect to G. a

Figure 7a illustrates this theorem. By contrast, assuming the data was not a
tree, the blocks B’ € B would not necessarily be predecessor stable after splitting
D, as shown in Figure 7b.
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(a) For a tree. (b) For a DAG.

Fig. 7: Splitting D for successor stability w.r.t. B in a partition P. This does
not impact predecessor stability for any block given tree data, but may break
predecessor stability in a DAG.



Theorem 4. Algorithm 5 finds the coarsest refinement of a partition of the
nodes in tree that is successor and predecessor stable in O(n) time.

Proof. From Theorems 1, 2 and 3, and the fact that m € O(n) for tree data. O

Corollary 1. The F&B-index can be built in O(n) time for tree data using
Algorithm 5.

Proof (Sketch). The coarsest successor and predecessor stable refinement of a
partitioning on label gives the maximum F&B-bisimulation [10], and the sum-
mary structure can be constructed from the contraction graph [10].

4 Related Work

There are many variations of structure summaries for graph data, such as par-
titionings on similarity [8, 15], the F+B-index [10], the A(k) index [12], and the
D(k)-index [2]. Note that an implication of Theorem 3 is that the F+B-index
and the F&B-index are identical for tree data. The cost of matching in the sum-
mary can be reduced by label-partitioning it and using specialized joins [1], or
using multi-level structure indexing [18]. For queries using ancestor—descendant
edges on graph data, different graph encodings offer trade-offs between space us-
age and query time [21]. For a general overview of indexing and search in XML
see the survey by Gou and Chirkova [6]. There is previous research on updates
of bisimilarity partitions [11,20,17]. Some of these methods trade update time
for coarseness, as refinements of bisimilarity may be cheaper to compute after
a data update. Single directional bisimulations are used in many fields, such as
modal logic, concurrency theory, set theory, formal verification, etc. [3], but to
our knowledge, F&B-bisimulation is not frequently used outside XML search.

5 Conclusions and Future Work

In this paper we have improved the running time for refining a partition to
the coarsest simultaneous successor and predecessor stability for tree data from
O(nlogn) to O(n), and with that the computation of F&B-bisimilarity, and
construction of the F&B-index. An incorrect linear algorithm for DAGs has
been presented recently [13], and it would be interesting to know whether the
problem is actually solvable in linear time for DAGs.

A natural extension of our work would be to reduce the cost of updates in
F&B-bisimilarity partitions for trees. A particularly interesting direction would
be to improve indexing performance for typical XML document collections,
where there is a large number of small independent documents. It may be pos-
sible to iteratively add documents to the index with (expected) cost dependent
only on the size of the documents.
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A Experiments

To investigate the practical impact of the algorithms presented we have run a
small experiment on the common XML tree benchmarks DBLP!, XMark? and
Treebank®. The general graph algorithm and the specialized tree algorithm were
implemented in C4++ and run on an AMD Athlon 3500+. We generated XMark
data of roughly the same size as the Treebank benchmark, and used a prefix of
the DBLP data of similar size. Only XML elements and attributes without their
values were indexed. Properties of the data sets and the constructed indexes are
listed in Figure 8. DBLP is a shallow tree, while XMark and Treebank are much
deeper. Note that Treebank has a larger number of labels, and a structure that
gives a large number of bisimulation partitions.

Nodes Labels B-partitions F-partitions F&B-partitions

DBLP 2830635 33 88 292 2479
XMark 2048193 7 547 31230 484615
Treebank 2437667 251 338749 443639 2277127

Fig. 8: Data set properties.

Figure 9a shows the number of times each edge was used in a stabilization
operation on average throughout the refinement, while Figure 9b shows the time
in milliseconds divided by the number of edges in the graph. For the DBLP
data, the original algorithm is actually slightly faster for all partition types.
The explanation can be found in the number of times each edge is used, which
is close to the optimal. The specialized tree algorithm has some linear time
overhead because the refinement on maximum distance is slightly more involved
than the separation of roots and leaves in the graph algorithm. Partitioning on
B-bisimilarity and F-bisimilarity has roughly the same cost with both algorithms
on all the data sets, again because the graph algorithm is very far from its worst-
case behavior.

On F&B-index construction for XMark data, the tree algorithm uses one
third the edge operations, and is almost twice as fast as the general graph algo-
rithm. Note that the 5.9 uses of each edge in the graph algorithm is far from the
worst-case number of uses per edge. For the Treebank benchmark, the number
times an edge is used is smaller, and so is the difference between the algorithms.
A greater part of the cost is the overhead of maintaining the blocks in the par-
tition, because the number of blocks is close to the number of nodes in the tree,
as can be seen in Figure 8.

! http://dblp.uni-trier.de/xml/dblp.xml
2 http://www.xml-benchmark.org/downloads.html
3 http://www.cs.washington.edu/research/xmldatasets/data/treebank/
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Fig.9: Computing different bisimulations using the original algorithm for graphs
or the specialized algorithm for trees.

B Properties of Bi-directional Bisimulation and Stability

Most work on bisimulation considers only forward bisimulation on edge-labeled
graph data, and most work on stabilizing partitions considers only predecessor
stabilization on node-labeled graph data. When bi-directional bisimulation and
the connection to predecessor and successor stabilization was introduced [10], ex-
tension of these previous results were omitted probably due to space restrictions.
We therefore go through and extend the results for bisimulation [14], partition
stabilization [16] and their connection [9] to the bi-directional case for node- and
edge-labeled data. The extensions may be trivial, but this appendix also serves
as an easily accessible reference.

Assume a node- and edge-labeled graph G = (V, E) with node set V' and
edge set E C V x V. The label of a node v € V is L(v) € Ay, and the label of
an edge e € F is L(e) € Ag. Let A= Ay U Ag. For a given a € Ay, let V, be
the set of nodes with this label, V,, = {v | v € V, L(v) = a}. And similarly, for a
given o« € Ag, let E, ={e|e€ E,L(e) = a}.

B.1 Bisimulation

Definition 4 (Node- and edge-labeled F&B-bisimulation). R C V' x V is
a F&B-bisimulation if v Rv’ implies that the following Properties are satisfied:

L(v) = L(V)

wuByv=3u  WE, W ANuRY
wW E,v' = Ju:uBEyvAuRy
vE,w= 3w vV E,w AwRw
VE,w = 3Jw:vE,wAwRw

U W=



This is illustrated in Figure 10. The definition becomes equal to the definition
of F&B-bisimulation for node-labeled data [10] when there is only a single edge
label «, and equal to the original (forward) bisimulation definition [14] when
there is a single node label and we ignore Properties 2 and 3. Various types of
simulation [8] are defined by ignoring at least Properties 3 and 5.

Fig. 10: Illustration of F&B-bisimulation
The following lemma trivially extends the original for forward bisimulation
in edge labeled graphs [14, Proposition 4.1].

Lemma 4 (Constructing F&B-bisimulations). Assuming that R; and R;
are F&B-bisimulations, then the following are F&B-bisimulations:

(1) 0

(2) Iy = {(v,0) |v € V)

(3) R;' = {(v/,v) | (v,0') € Ri}

(4) R, URj = {(v,v") | (v,v') € R; V (v,v") € R;}.
(5) RiR; = {(v,v") | (v,0) € R;, (v',v") € R;}

Proof. Property 1 is trivially satisfied for (1)-(5), as it is an equality. (1) is
true as there are no v Rv’. For (2), substitute u for u’ and w for w’ in Proper-
ties 2-5. (3) is true by the symmetry of Properties 2 and 3, and of Properties 4
and 5. (4) is true by substituting R; U R; for R in Properties 2-5. For (5), as-
sume that v R;R;v”. Then there is some v’ such that v R; v" and v" R; v". For
Property 2, let there be some u such that uFE,v. Then, as v R; v’ and R; is a
F&B-bisimulation, there exists a v’ such that v’ E,v" and w R; v'. As v’ R; v and
R; is a F&B-bisimulation, there exists a v” such that v’ E, v” and v/ R; u”, and
the relation u R; R; u” follows. Proofs of Properties 3-5 are similar. a

Corollary 2 (Union of bisimulation refinements). It follows from Lemma
4(4) that given an initial relation S, the union of all F&B-bisimulations that
are refinements of S is also a F&B-bisimulation. Trivially this union is also a
refinement of S. ad



B.2 Bisimilarity

We know from Corollary 2 that there exist a unique maximum F&B-bisimulation,
of which all other F&B-bisimulations are refinements:

Definition 5 (F&B-bisimilarity). Nodes v and v’ are F&B-bisimilar, written
v ~pgp v, iff v Rv' for some F&B-bisimulation R. Equivalently,

~F&B = U{R | R is a F&B-bisimulation}

If the type of bisimulation is clear from the context, such as in the following, we
write just ~ for ~pg .

The next theorem is a generalization of the following Corollary 3, which is
taken from Milner’s original results [14]. This more general result will be useful
when linking F&B-bisimulations with partition P&S-stability in Section B.3.

Theorem 5 (Largest bisimulation partition refinement is equivalence).
If Q is a partition of the nodes in a graph, then the largest F&B-bisimulation R
that is a refinement of =g is an equivalence relation.

Proof. Reflexivity: We have that Idy C =g as =¢ is an equivalence relation, and
that Idy is a F&B-bisimulation by Lemma 4(2). Hence Idy C R, as R contains
all such F&B-bisimulations by Corollary 2. Symmetry: If v Rv’, then v R; v’ for
some F&B-bisimulation R; € R. We have that v’ Ri_l v by definition of the
inverse, and R; ! is a F&B-bisimulation by Lemma 4(3). For any v’ R; v, we
have than v' =g v, because v R; v’ implies v =¢ v’ by assumption, and =g
is an equivalence relation and hence symmetric. This means that R, C =Q,
and that R;~! C R by the maximality of R, and v’ Rv follows. Transitivity:
If v Rv' and v' Rv"”, then for some F&B-bisimulation R; C R and R; C R we
have that v R; v" and v' R; v”. By Lemma 4(5) R;R; is a F&B-bisimulation. For
any = and 2/, if x R; 2’ and 2’ R; 2", then © =¢ 2’ and 2’ =¢ 2" follows from
R;,R; € R C =q. Because =¢ is an equivalence relation and hence transitive,
x =¢ «” follows, and hence R; R; C =¢. By the maximality of R we have that
R;R; C R, and therefore v Rv". m]

The next corollary is a simple extension of the original result for single-
directional bisimulations in edge-labeled data [14, Proposition 2].

Corollary 3 (Bisimilarity is equivalence). It follows from Theorem 5 that
F&B-bisimilarity is an equivalence relation. a

The following lemma states that for F&B-bisimilarity, the word implies in
Definition 5 can be exchanged with iff. The proof is almost identical to the proof
for the single-directional bisimulation for edge-labeled data [14, Lemma 3+Propo-
sition 4].

Lemma 5. Properties 1-5 in Definition 4 with ~ substituted for R imply v ~ v’.



Proof. Define ~' to be a relation such that v ~" v’ iff Properties 1-5 are satisfied
with ~ replaced for R. We have that v ~ v’ implies v ~" v/, because v ~ v’ implies
the properties, and the properties imply v ~' v’ by the definition of ~’. To prove
that the properties imply v ~ v/, we prove that v ~’ v/ implies v ~ v/, i.e.,
~' C ~. Assume that v ~' v’. Property 1 is trivially satisfied. By the definition
of ~/, for all u such that u E, v, there exist a u’ such that v’ E, v’ and u ~ o/,
which, as shown above implies u ~' u/, satisfying Property 2. Properties 3-5 are
similarly shown. a

B.3 Stability

The following is a reformulation of Definition 2 of successor and predecessor
stability, adding edge labels:

Definition 6 (Stability). A set D C V is S,-stable with respect to a set
BCV it DCELB)or DNELB) =0, and P,-stable with respect to B iff
D C E,~%(B) or DNE, *(B) = §. Furthermore, D is S-stable or P-stable with
respect to B iff D is S,-stable or P,-stable with respect to B for all a € Ag,
respectively.

If D is both successor stable and predecessor stable with respect to B, we
shall say that D is P&S-stable with respect to B, or simply stable if there is no
ambiguity.

For any combination of successor and predecessor stability, a partition @ of
V is said to be stable with respect to a block B if all blocks in @) are stable with
respect to B. A partition ) is stable with respect to another partition Q' if it is
stable with respect to all blocks in @Q’. @ is said to be stable if it is stable with
respect to itself.

B.4 Stability and bisimulation

The next lemma states that a F&B-bisimulation can be found by P&S-stabilizing
a partition, extending the link between single-directional (forward) bisimulation
and the relational coarsest (predecessor) stable partition problem [9, Lemma 3].

Lemma 6 (Stability implies bisimulation). If a partition ) respects node
labels and is P&S-stable, then =¢ is a F&B-bisimulation.

Proof. We must prove that v =¢ v’ implies Properties 1-5 in Definition 4. Prop-
erty 1 is satisfied as node labeling is assumed to be respected by the partition.
For Property 2, assume that D € @ is the block containing v and v’, and that
there is an edge u F, v for some «. Let B € P be the block containing u. We
have that DN E(B) # 0 from u E, v, and hence D C E,(B) from the successor
stability. This means that for any v’ € D, there is some v’ € B, i.e., u=gu/,
such that v’ E, v'. Properties 3-5 are proved similarly. O

Corollary 4. Given a partition @, by Definition 5 and Lemma 6 there is a
unique coarsest P&S-stable refinement of (), of which all other P&S-stable re-
finements of @) are again refinements. ad



Lemma 7 (Bisimulation and equivalence implies stability). If a relation
R is a F&B-bisimulation and an equivalence relation, then the equivalence classes
of R give a P&S-stable partition respecting node labels.

Proof. Let @ be the partition arising from R. @ respects labels by Property 1
in Definition 4. Successor stability: We prove that for blocks D, B € @), we have
that D N E(B) # 0 implies D C E(B). Assume D N E(B) # 0, i.e., there is
some node v € D such that v € E,(B), and hence some u € B such that u E, v.
For each v' € D, we have that that v Rv’, and by Property 2 in Definition 4
there is some u’ such that v’ E, v and u Ru/, i.e., v’ € B and v' € F(B). Hence,
D C E(B). Predecessor stability: Identical proof substituting E, with E,~'. O

Theorem 6 (Maximum refinements). Given an initial partition @, if R is
the maximum F&B-bisimulation that is a refinement of =g, and P is the coarsest
stable partition refining ) respecting node labels, then =p is equal to R.

Proof. Follows from Lemmas 6 and 7. ad

B.5 Implementing Stability

The following two lemmas are trivial extensions of Paige and Tarjan’s original
description [16].

Lemma 8 (Stability inherited under refinement). For any type of stabil-
ity, if a partition Q2 is a refinement of (Q; and @) is stable with respect to a
partition @, then so is Q).

Proof. For any block Dy € Q5 there is some block Dy € @1 such that Dy C D;.
We show successor stability. Assume a given o € Ag for S,-stability, or any «
for general S-stability. For any block B € Q, if D; C E,(B) then Dy C E,(B),
or if D1 N Ey(B) = 0 then Dy N E,(B) = 0. Predecessor stability is symmetric.

O

Lemma 9 (Stability inherited under union). For any type of stability, if a
partition @) is stable with respect to both By C V and By C V, then () is stable
with respect to B1 U Bs.

Proof. For successor stability, for any block D € @ and a given or any o € Ag,
if at least one of D C F,(B1) and D C E,(B>) is true, then D C E,(B;UDBs) is
true. If both of DNE,(B;) =0 and DNE,(B3) = 0 are true, then DN E,(B; U
Bs) = 0 is true. Predecessor stability is symmetric. a

When using the procedure StabilizeWRT() in our stabilization algorithms,
an in-place stabilization is performed, while in the theoretical description [16] of
the original algorithm, there is a function split(B, Q), which returns the coarsest
refinement of ) that is predecessor stable with respect to B. This is naturally



generalized to stabilizing on P-stability, S-stability and S&P-stability. The fol-
lowing functions are handy for the definitions:

clean(Q) ={B| B€ QA B # ()}
sep(C,Q) = clean({DNC | DeQyU{D\C|DeQ})

Note that sep is commutative, i.e., sep(C1, sep(Ca, Q)) = sep(Ca, sep(Cq, Q)).

Definition 7 (a-Split).

Splitsa (BvQ) Sep(Ea(B)7Q)
splitp, (B, Q) = sep(E.~"(B), Q)
splitpg, s (B, Q) = splitp (B, splitg (B, Q))

Lemma 10 (Splitting and stability). A partition @ is:

S-stable iff Yo € Ap:VB € Q:Q = splitg (B,Q)
P-stable iff Yoo € Ap:VB € Q:Q = splitp (B,Q)
P&S-stable iff Vo€ Ap :VB € Q: Q = splitpg g (B, Q)

Proof. Follows directly from the Definitions 6 and 7. a

Lemma 11 (a-splitting is monotone). Given a set B C V, if a partition
Q2 is a refinement of a partition @, then splitg (B,Q2) is a refinement of
splitg (B, Q1), and splitp (B,Q2) is a refinement of splitp (B, Q1),

Proof. For any block Dy € (Q2, there is a block D € Q1 such that Dy C Dy, and
for splitg_we have DoNE(B) C DiNE(B) and Do\ E(B) € D\ E(B). Similarly,
for splitp we have DyNE~!(B) € D1NE~!(B) and Dy\E~*(B) € D;\E~(B).

O

Lemma 12 (Correctness of splitting). For an initial partition Qq, let R
be the coarsest refinement of )y that is P&S-stable, and let @); and Q' be
refinements of Q) such that R is a refinement of both Q; and Q’. If U is a union
of blocks in @', then for any o we have that R is a refinement of splitg_ (U, Q;),
of splitp (U, Q;), and hence of split pg, g (U, Q).

Proof. Since U is a union of blocks from )’ it is also a union of blocks from R,
which refines @’. As R is S-stable we have R = splitg_(U, R) for any a. From
Lemma 11 we have that splitg (U, R) is a refinement of splitg (U, Q;) when R
is a refinement of ;. Hence, R is a refinement of splitg (U, Q;). P-stability is
symmetric for splitp .

Algorithm 6 shows the generic framework for stabilization used in Paige and
Tarjan’s algorithm [16], extended to our more general case.

Corollary 5 (Stabilization correct). It follows from Lemma 12 that algo-
rithm 6 maintains the invariant that the coarsest P&S-stable refinement of the
initial partition Q) is also a refinement of the current partition @;. a



Algorithm 6 Generic stabilization

Given a partition Qo.

140

Until no change is possible,
find some set U that is a union of blocks in @;
such that Q; # splitpg, g (U, Qi) for some o € Ap.
Qiv1 < splitpgs, (U, Qi)
14 1+1

Theorem 7 (Stabilization terminates). Algorithm 6 terminates, and then
Q; is the coarsest P&S-stable refinement of Q).

Proof. As long as @Q; is not P&S-stable, by Lemma 10 there exist a union
U of blocks in Q; and an o € Ap such that splity (U,Q;) # Qi. When
split x (U, Qi) = Q; for all U and a, Q; is P&S-stable by Lemma 10, and by
Corollary 5, Q; is the coarsest P&S-stable refinement of Q.

Corollary 6. It follows from Theorem 6 and Theorem 7 that F&B-bisimilarity
can be computed by using Algorithm 6 to compute the coarsest P&S-stable
refinement of the label partition. a



