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Introduction 

What processes and representations underlie mathematical cognition?  A growing body 

of evidence now suggests that we may have an intuitive number sense and that visuospatial 

processes may ground simple numerical and arithmetic reasoning (Dehaene, 1997; Dehaene, 

Spelke, Pinel, Stanescu, & Tsivkin, 1999; Gallistel & Gelman, 2005), but higher level 

mathematical cognition is often assumed to consist of the manipulation of structured 

arrangements of symbols according to rules sensitive to the structure but not the content of the 

symbols (Harnad, 1990).  Mathematicians and philosophers like Russell, who proclaimed that 

“all Mathematics is Symbolic Logic” (1903), attempted to formalize mathematics as an 

extension of logic.  Their work distilled many theorems into a few axioms, which could be used 

by a human or written into a computer program to solve logic problems (Newell, Shaw, & 

Simon, 1958).  Indeed many hold the view that all systematic cognition is a matter of applying 

structure (and not content) sensitive rules to symbolic structures (Fodor, 1975; Marcus, 2003).  

However, the laws of logic may not be the laws of thought.  The formal principles of 

mathematics do not necessarily dictate the format within which mathematical or other forms of 

cognition proceed. 

An alternative to the idea that mathematical thinking relies on structure-sensitive rules is 

the proposal that mathematical cognition (as well as other aspects of cognition) relies heavily on 

spatial representations and on procedures and intuitions related to these representations.  We 

define a spatial representation as one that bears a second-order isomorphic relationship to real or 
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idealized physical objects, such as lines, circles, and triangles (Shephard & Chipman, 1970).  

These representations likely involve hierarchical structure including grouping and embedding 

relations, and can be operated on mentally using mental simulation of actions on such objects.  In 

this view symbolic expressions can be seen as potentially referring to properties of such objects 

and relations among the objects and their properties (Thompson, et al, 1994).  Spatial 

representations do not require sight – as blind mathematicians attest (Jackson, 2002) – but are 

often described in terms of ‘seeing’.  Previous research has distinguished between schematic and 

pictorial representations (Hegarty & Kozhevnikov, 1999) or spatial and object imagery 

(Kozhevnikov, Kosslyn & Shepard, 2005); our definition aligns more with the schematic and 

spatial representations described in these proposals. 

Barwise and Etchemendy (1996) claim that spatial representations not only provide 

useful heuristics, but can also serve an essential role in proving propositions, such as the 

Pythagorean Theorem.  Shepard (2008) examined one such spatial proof, which requires 

translation and rotation of spatial representations (or components within a spatial representation).  

The knowledge that area is invariant under such transformations is essential for the proof, but 

may be implicit, so that the proof may ‘seem’ or ‘feel’ convincing, without explicit mention of 

this invariance.  Gestalt psychologists (Wertheimer, 1959) and embodied cognition theorists 

(Lakoff & Núñez, 2000) have argued for related views and some mathematicians have endorsed 

such ideas (Poincaré, 1907; Stewart, 1995).  Thus, exploring the validity of these ideas could 

have important implications for instruction and educational practice. 

In this study, we asked what kinds of mental representations college students use to solve 

simple problems in trigonometry, a domain at the intersection of algebra and geometry.  

Trigonometry is an essential part of the preparation of students for calculus, which is in turn 
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essential for entry into the STEM disciplines, yet we know of little systematic research on the 

representations participants use in solving problems in trigonometry.  Other researchers have 

assumed that visuospatial representations play an important role, using this as a starting place for 

the development of teaching methods (Ninness et al., 2006, 2009; Kendal & Stacey, 1996; 

Moore, 2013), and visuospatial representations are introduced in most textbooks of trigonometry, 

but there is wide variation in the reliance on these representations, with many authors leaning 

heavily on manipulation of algebraic expressions rather than reasoning directly with visuospatial 

representations.  Thus, our work may help direct future efforts to explore which approaches to 

emphasize in the teaching of trigonometry. 

 An example problem of the type that we use in our study is shown in Figure 1: 

participants saw a probe expression involving the sine or cosine function at the top of a display 

as shown in Figure 1, and had to indicate which of the four alternative expressions below it had 

the same value as the probe.   These problems can be solved using symbolic rules or spatial 

representations.  We sought to determine what representations participants used, and which ones 

were associated with better performance. 

 

Figure 1. An example problem.  Participants saw a probe expression at the top of an on-screen 
display and were instructed to choose the equivalent expression from the alternatives below. 

Figure 2 shows some of the representations that can be used in solving our problems.  As 

one alternative, trigonometric functions such as sine and cosine can be treated purely 
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symbolically, since these functions have equivalence relationships that can be characterized by 

such symbolic expressions.  In addition, such expressions can be manipulated using standard 

algebraic rules (e.g., addends may be commuted, the same expression may be added to or 

subtracted from both sides of an equation, x + 0 = x, etc.).  The simple trigonometric rules 

shown, together with foundational algebra, are sufficient to solve all of our problems. (In the 

rules shown, func could be sin or cos; where func is replaced by one of these, opp must be 

replaced by the other).  Alternatively, trigonometric expressions can be defined in terms of 

geometric objects (lines and angles), their properties (measureable quantities such as lengths and 

angular measure), and their relationships, and these may be captured in spatial representations.  

We considered three different spatial representations.  One representation sufficient to solve all 

the problems is provided by visualizing angles as associated with points on the unit circle, and 

visualizing their sines and cosines as signed distances from the center of the circle to the 

projections of such points onto the vertical and horizontal axes through the circle’s center.  The 

problems can also be solved by visualizing the sine and cosine functions as waves, with the value 

of an expression corresponding to the vertical position of the appropriate point on its wave 

function.   The relationships needed to solve a subset of the problems can also be understood in 

terms of the angles and sides of a right triangle.  Participants might also rely on mnemonics, 

such as ‘All Students Take Calculus’ shown in Figure 2, which may draw on both symbolic rules 

and spatial representations, linked through memorable phrases. 

Figure 3 shows how several example problems may be solved with trigonometric and 

algebraic rules (see caption for details).  It is worthwhile to note how simple the rule-based 

derivations are: two require only a single application of a trigonometry-specific rule, while the 

third requires one general algebraic rule (x+0 = x), and one trigonometry-specific rule.  Some of 
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the problems we used require more rule applications.  But if use of such rules is a natural and 

basic characteristic of human thought, then retrieving rules and using them to solve the subset of 

problems shown in Figure 3 should be easy.  The Figure also shows how identities can be 

established using the unit circle, treating angles as corresponding to positions on the unit circle, 

and their sines and cosines as corresponding to the projections of these points on the x and y axes 

through the center of the circle (see caption).  Similar visuospatial relationships exist for the 

waves and (for some problems) for the right triangle. 

To explore the representations participants used in solving these trigonometric identity 

problems, we conducted two studies using undergraduate students at an elite private university.  

The first, preliminary study was intentionally exploratory in nature, and allowed us to develop 

specific hypotheses to be tested in the second, main experiment.  Both explored the relationship 

between self-reported use of alternative representations and success in solving trigonometric 

identity problems.  Participants first solved a set of forty problems, then answered a few short 

questions, then completed forty more such problems, followed by a fuller set of questions about 

the representations they used and their trigonometry background. 

In the preliminary study, we found a wide range of variation in performance, with many 

scoring below 50% correct overall, even though all of the participants had some prior exposure 

to trigonometry and strong enough quantitative backgrounds to gain admission to a highly 

selective university.  Four findings emerged of clear relevance to the nature of the 

representations they used in solving the problems (see supplement [to be completed] for details):  
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Spatial Representations 
Unit Circle 

 
Waves 

 
Triangle 

 
Figure 2. Some representations used in the domain of 

trigonometry. 

Symbolic Rules 
 
 

Trigonometric Identities 
 

sin(–θ) = –sin(θ) 
cos(–θ) = cos(θ) 

func(θ±180) = –func(θ) 
func(90–θ) = opp(θ) 

 
Principles of Algebra 

 
x ± 0 = x 
–(–x) = x 

–x–y = –(x+y) 
x+y = y+x 

 
 

A Mnemonic 
 

Symbolic Rule Component 
 

Mnemonic Positive 
functions 

In quadrant: 

All All I 
Students Sine II 

Take Tangent III 
Calculus Cosine IV 

 
Visuospatial Component 
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Expression Justification 
cos(20+180) [Problem] 
–cos(20) func(θ±180) = –func(θ) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Expression Justification 
sin(90–70) [Problem] 
cos(70) func(90– θ) = opp(θ) 
 
Figure 3.  Solving trigonometry problems with the unit 
circle (left) or with algebraic manipulation using 
structure-sensitive rules (right).  On the unit circle (left), 
an angle is represented by a counter-clockwise rotation 
of a radial line of unit length, starting from a position 
aligned with the positive x-axis.  A negative angle is 
represented by a clockwise rotation.  The cosine of an 
angle is the x-co-ordinate of the endpoint of the radial 
line where it intersects the unit circle, and also 
corresponds to the signed length of the projection of the 
endpoint of the radial line onto the x-axis.  
Correspondingly, the sine of an angle corresponds to the 
y-co-ordinate of the radial line’s endpoint.

Expression Justification 
cos(–50+0) [Problem] 
cos(–50) x±0 = x 
cos(50) cos(–θ) = cos(θ) 

- 
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1. Participants reported using the unit circle more than any other representation.  

2. Self-reported unit circle use was more strongly associated with greater overall 

accuracy than other representations, and the effect remained even after controlling for 

self-reported number of courses involving trigonometry and years since last use of 

trigonometry.   

3. Overall, participants performed poorly on a problem that taps a very basic aspect of 

pre-calculus trigonometry, namely the value of the cosine of a negative argument.  

Given the probe cos(–θ+0), many participants chose –cos(θ), whereas in fact, the 

correct answer is cos(θ) (top panels of Figure 3). 

4. Those who reported always using the unit circle did much better on cos(–θ+0) 

problems than other participants. 

These findings, if reliable, clearly support a role for a particular visuo-spatial 

representation – the unit circle – in solving the trigonometric identity problems used in our 

experiment, and point to a specific role for this representation in allowing mastery of a very basic 

aspect of trigonometry.  Since these findings emerged from an exploratory analysis, we 

concluded that they should be treated as tentative, subject to confirmation in a replication of the 

preliminary experiment.   Therefore, we conducted our more formal main experiment, with a 

larger group of participants, aiming to determine whether the same patterns emerged. 

We also refined the design of the main experiment to address several issues arising from 

the preliminary study.  We were concerned with the possibility that participants might simply 

have had greater exposure to or prior usage of the unit circle than other representations.   To 

address this, we added questions not included in the preliminary study to assess exposure and 

prior use of each of the representations.  Also, the preliminary study included only a global, 
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retrospective, self-report measure of unit circle use.  Our main study improved upon this in two 

ways: We included a separate set of trials at the end of the experiment for which we obtained 

separate ratings of circle use for one problem of each of the 20 specific types included in the 

experiment.  In addition, we reasoned that use of the unit circle or other visuospatial 

representations might require more time than use of a problem solving strategy based on rules or 

heuristics.   Therefore, we chose to measure participants’ response times to solve the problems 

we presented.  If, as we reasoned, use of the unit circle does indeed require more time, then those 

using the unit circle should be slower than those using a rule-based strategy. 

 
Method 

Participants 

Fifty Stanford University undergraduate students participated in a single hour-long 

session in exchange either for credit in an introductory psychology class or for pay ($12). 

Materials 

The problems used each consisted of a probe and four choice alternatives.  The probe was 

always an expression of the following general form: 

func(±θ±∆) 

where func expression was either sin (sine) or cos (cosine), and θ and ∆ were numeric 

expressions in degrees.  The value of θ was drawn from the set {10, 20, 30, 40, 50, 60, 70, 80} 

and could be positive or negative while ±∆ could take any of the values (–180, –90, +0, +90, 

+180).  The order of the terms within the parentheses of the probe varied so that θ could occur 

first or second.   If the first term was positive, its sign was not displayed.  The choice alternatives 

were always of the form:  

sin(θ)  –sin(θ)          cos(θ)  –cos(θ) 
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where the value of θ was the same as its value in the probe.  For each participant, two blocks of 

forty problems were generated according to a 2x2x5x2 design in which function (sin or cos), 

sign of θ (positive or negative), value of ±∆ (–180, –90, 0, 90, 180), and order (θ before ∆ or ∆ 

before θ) were fully crossed.  The value of θ was selected randomly and independently for each 

problem. 

Procedure 

Each participant was tested individually while seated in a quiet laboratory room.  At the 

beginning of each block, participants read the following instructions: 

“In this [next] part of the experiment, you will see an expression at the top of the page.  

(Note that all expressions use degrees.)  Your task is to choose the equivalent expression from 

four possible choices.  Respond by clicking on the circular button of your choice.  Your responses 

will be timed, so you should answer quickly but still accurately.  Please complete this survey in 

one session (although your progress will be saved).  Please do not use a calculator or refer to any 

outside sources.  Also, please do not use any paper or pencil.” 

A single digit subtraction problem was presented as an example, followed by a block of 

problems. The order of trials in each block was random, and selected independently for each 

block.  No feedback was provided.  After the participant’s response was recorded on each trial, 

the participant clicked to initiate the presentation of the next trial.  Response times (from the 

presentation of the problem to the mouse click indicating the participant’s choice response) were 

recorded on every trial. 

At the end of each block, participants produced a confidence rating (an estimated number 

of correct answers out of 40) and an open-ended description of how they solved the problems, 

with the specific instruction to describe anything they may have visualized and any rules, 

mnemonics or other strategies they may have used. 
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Additional self-reported measures were collected at the end of the study.  First, 

participants rated on a five point scale (Not different at all, Slightly, Somewhat, Very, Extremely 

different) the extent to which the way they solved the second block of questions was different 

from the first block of questions.  An open-ended response box was provided for participants to 

describe any changes in the way they solved the problems.  Participants then estimated how 

recently (in years) they encountered trigonometry in school or in work (0 if current).  They also 

estimated how many classes they have taken that have involved trigonometry or required some 

use of trigonometric knowledge (with the instruction that this includes not only math classes, but 

also applications in the sciences and other areas).  Participants were then asked to rate on a five 

point scale (Never, Rarely, Sometimes, Often, Always) how often they: (1) recalled an explicit 

rule or formula, (2) visualized the sine or cosine graphs as waves, (3) visualized sine and cosine 

as x and y coordinates of a circle, (4) visualized a right triangle with sine and cosine associated 

with sides of a triangle, (5) used a mnemonic (memorized acronym or phrase) to help remember 

facts about sine and cosine, or (6) used another representation or strategy.  These ratings were 

first collected with participants instructed to consider only the first block, and were collected a 

second time after the participant was instructed to consider only the second block.  Participants 

then rated how often they had used each representation in previous classes and other experiences 

with trigonometry, and they also rated how much they had been exposed to each representation. 

Following this, 20 additional problems were used for problem-specific self-report 

assessment.  These 20 problems included every combination of function, sign of θ, and signed 

value of ∆, with randomly chosen values for θ and for the order of θ and ∆.  Immediately after 

solving each problem, participants rated the extent to which they used each representation (1-6 

above) on a three point scale (not at all, a little, a lot). 
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Results 

General performance and background measures 

Overall performance on the 80 problems in blocks 1 and 2 averaged only 51.70% (SD = 

23.34%).  Participants reported an average of 3.85 prior classes (SD = 2.66) and an average of 

2.51 years (SD = 1.75) since last use of trigonometry.  Most (84%) of the participants answered 

the trivial func(θ+0) problems correctly eight out of eight times.  Only two participants were 

correct on less than 50 percent of these problems, and both reported using incorrect rules, rather 

than random guessing. 

Self-reported use of representations 

Figure 6 shows the distribution of self-reported use of each representation, averaged over 

block 1 and block 2.  (There were no significant differences between block 1 and block 2 ratings, 

p > 0.05).  There were significantly different levels of self-reported use between representations, 

H(5) = 57.21, p < 0.001, and the unit circle had significantly more self-reported use than every 

other representation: the waves (p < 0.001), the triangle (p = 0.024), rules/formulas (p = 0.003), 

mnemonics (p < 0.001), and others (p < 0.001, pairwise Mann-Whitney tests corrected by 

Holm’s procedure).  

Correlating unit circle use with general performance 

Based on our preliminary study, we predicted that the unit circle would be the best 

predictor of accuracy.  We included each of the self-reported ratings (averaging the ratings for 

the two blocks) in a logistic mixed model to predict overall accuracy, and the ratings accounted 

for a significant amount of variance, G(6) = 13.28, p = 0.039.  Self-reported use of the unit circle 

significantly predicted better overall accuracy, B = 0.26 ± 0.09, z = 2.78, p = 0.005.  Self-

reported use of a right triangle also significantly predicted better overall accuracy, B = 0.276 ± 
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0.122, z = 2.72, p = 0.023.  After controlling for number of classes and years since encountering 

trigonometry, the unit circle predictor remained significant, B = 0.24 ± 0.10, z = 2.48, p = 0.013, 

while the right triangle predictor was reduced to marginal significance, B = 0.22 ± 0.15, z = 1.76, 

p = 0.079. 

 

Figure 6. The distribution of self-reported use of each representation in Study II.  The mean is 
indicated by the blue dashed line and the median is indicated by the blue line. 

It appears that many of those who reported using the right triangle might have used a 

representation with the properties of the unit circle.  Of the eleven subjects who reported using 

the right triangle often or always (using the average of their block 1 and block 2 ratings), six 

explicitly described their mental representation as a circle in their open-ended response, and 

three other subjects described both a coordinate plane or axes and negative angles or quadrants, 

suggesting that these participants may have visualized triangles within a unit-circle-like frame of 

reference.  Only two of these nine subjects described the complementary angles in a triangle 

(knowledge that may be distinct from the unit circle).  Of the remaining two students who 



14 
 

reported using the triangle often or always, one described knowing that sine is opposite over 

hypotenuse and cosine is adjacent over hypotenuse, and the other did not describe their 

visualization in any detail.  Thus, for most subjects who reported using the right triangle, their 

success may be explained in part by actual use of the unit circle or their use of a systematic 

representation of angles and trigonometric relationships that is functionally equivalent to the unit 

circle. 

Exposure and prior use. We next examined whether prior exposure or prior use of the 

unit circle might explain the high degree of reliance on the unit circle in our experiment.  A 

Kruskal-Wallis one-way ANOVA showed significant variation in reported exposure, H(5) = 

120.79, p < 0.001.  Students reported significantly less exposure to mnemonics (p < 0.001) and 

‘other’ representations (p < 0.001) than the unit circle, using pairwise Mann-Whitney tests with 

alpha levels corrected by Holm’s procedure.  However, there were no significant differences in 

exposure between the unit circle, rules, the right triangle, and waves (p > 0.05), which all had a 

median rating of ‘quite a bit’ of exposure (4 on a 5 point scale).  The self-reported ratings of 

prior use tell a similar story.  There was significant variation in reported use, H(5) = 95.70, p < 

0.001; compared to the unit circle, students reported significantly less prior use of waves (p = 

0.003), mnemonics (p < 0.001) and ‘other’ representations (p < 0.001).  However, the median 

rating of prior use of the unit circle, rules, and the right triangle was ‘often’ (4 on a 5 point scale) 

and there were no significant differences in reported use of these representations (p > 0.05).  

Thus, the exposure ratings showed that students were taught about other representations 

(including rules and formulae) that they could have used, and the prior use ratings showed that 

many had a large amount of experience using such representations.  
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Correlating unit circle use with performance on particular problems. Using a 

planned comparison (based on the findings from our preliminary study), we analyzed the pattern 

of performance on sin(–θ+0) and cos(–θ+0) problems, dividing participants into those who did 

or did not give a 5 (‘always’) circle rating.  Both groups performed relatively well (~75% 

correct) on sin(–θ) (leftmost sub-panels of Figure 7A) .  However, participants whose unit circle 

rating was less than 5 performed worse on cos(–θ) than those whose rating was 5 (right sub-

panels of Figure 7A) .  This interaction (based on the four ‘correct’ bars in Figure 7A) was 

significant, B = 0.26 ± 0.11, z = 2.32, p = 0.021.  A rule or heuristic to ‘pull out the minus sign’ 

may be used by many of those who do not always rely on the unit circle.  If so, we would expect 

not only worse performance on cos(–θ) but also a high proportion of –cos(θ) responses to such 

problems among this group, and indeed this expectation was confirmed as we see in the ‘wrong 

sign’ bars in Figure 7A.    However, we see a substantial number of wrong sign responses among 

those who reported always using the unit circle.  Our next analysis helps clarify this pattern. 

Further Assessment of Unit Circle Use 

Problem-specific ratings. The problem-specific ratings allow assessment of unit circle 

use on a problem-by-problem basis.  It may be that some participants reported using the unit 

circle generally but use some other representation to solve cos(–θ+0). It is also possible that 

other participants did not report using the unit circle generally, but did use the unit circle for 

cos(–θ+0).  Accordingly, we considered the problem specific ratings for cos(–θ+0) problems and 

the relation between such ratings and performance.  Indeed, in a logistic mixed model with full 

interaction between problem-specific unit circle rating and problem features, there is a simple 

effect when the function is cosine, θ is negative, and ∆ is zero: the problem-specific unit circle 

rating predicts higher accuracy on cos(–θ+0), B = 0.43 ± 0.21, z = 2.02, p = 0.043.  
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Figure 7. The distribution of responses to func(–θ+0), split by function and by level of unit circle 
use.  Panel (A) splits subjects by their general use rating of the unit circle, while panel (B) splits 
subjects by their problem-specific unit circle use rating. 

A similar analysis applied to sin(–θ+0) revealed no such relation, B = 0.03 ± 0.22, z = 0.14, p = 

0.888.  This refinement in measuring unit circle use is illustrated in Figure 7B.  The pattern is 

similar to the pattern seen previously with the overall unit circle rating, except now, those who 

report using the unit circle a lot in the problem-specific rating are correct over 75% of the time 

on cos(–θ+0), and very rarely chose the –cos(θ) alternative, strengthening the conclusion that 

circle use is associated with good performance on this problem.   

Response times. We next examined the relation between reported circle use, average time 

to respond, and overall accuracy.  Median response time on correct trials (logarithmically 

transformed) was significantly correlated with general unit circle use rating, r(48)=0.33, 

p=0.019, and with overall accuracy, r(48)=0.48, p<0.001.  (General unit circle use rating and 

overall accuracy were of course also significantly correlated, r(48)=0.37, p=0.009).   

A                                                               B 
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While those who reported using the unit circle were generally slower, there were some self-

reported unit circle users who were relatively fast.  We next considered whether successful use of 

the unit circle requires some minimum amount of time.  We found the median time for correct 

responses for each participant, and we looked specifically at the group of participants who were 

successful, where success is defined as 75% correct or better.  The minimum median time of this 

group (6.28 seconds) is shown as a vertical line in both panels.  The data indicate that no 

participant whose median time per problem was less than 6.28 seconds was successful, among 

both high reported circle users and other participants.  Three participants who rated their unit 

circle use less than “Often” (lower panels) were successful.  One reported using the right triangle 

“often” in a unit circle framework (see earlier discussion), and the other two reported using the 

unit circle “often” in the first block and other strategies (rules or waves) in the second block.  

Overall, then, the results support the summary statement that successful overall performance was 

associated with (a) a relatively slow median response time (6 seconds or more) and (b) use of the 

unit circle at least during the first block of the experiment.  Many slow participants, including 

several who reported high unit circle use, were not successful, however. 

In a parallel analysis of cos(–θ+0) performance using problem specific ratings, we again 

defined success to be accuracy of 75% correct or greater (at least 3 correct out of 4 encounters) 

and we defined unit circle users as those who reported using the unit circle ‘a lot’ on the 

problem-specific rating for this problem.  Among unit circle users successful on this problem, the 

minimum median time (using both correct and incorrect responses) was 4.55 seconds (indicated 

in Figure 9).  Relatively slow responding was associated with success on this problem, though 

with no guarantee.   
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Figure 8. The relationship between response time (plotted on a logarithmic scale) and overall 
accuracy, split by self-reported general use of the unit circle.  Each point represents a participant. 
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Figure 9. The relationship between response time and overall accuracy, split by self-reported use 
of the unit circle specifically on cos(–θ+0).  Each point represents a participant. 
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Several participants who were successful on cos(–θ+0) reported using the unit circle “a 

little” or “not at all” on this problem (Figure 9, bottom panel).  While some of these participants 

may have used a unit circle-like strategy, several of these participants were faster than successful 

high circle users, and the minimum median time was 2.03 seconds.  This is consistent with the 

possibility that these individuals may have used a rule or formula.1 

Discussion 

Our main experiment corroborates the findings of our preliminary study: We find highly 

consistent evidence that one particular visuospatial representation – the unit circle – plays a 

special role in helping students solve trigonometric identity problems, problems that could be 

solved in a number of different ways, involving both symbolic and spatial representations.  The 

unit circle was the most commonly used representation in our task, and those students who 

reported using it tended to have the highest overall accuracy.  Future attempts at experimental 

manipulation are required in order to substantiate causal claims about the relationship between 

representation use and performance, perhaps involving a unit circle lesson.   Our findings here 

suggest the possibility of a causal relationship, and motivate the exploration of direct 

manipulation of knowledge and use of such relationships in trigonometric reasoning.   

The unit circle proved to be especially strongly associated with performance on cos(–

θ+0) problems.   In spite of the simplicity of the symbolic expression for these problems and the 

centrality of the cosine function in trigonometry, performance was quite poor, and the 

predominant error was to choose –cos(θ), rather than cos(θ), as the answer.  One explanation for 

this error is that participants may have a tendency to follow a simple heuristic strategy which 

could be described as ‘pulling out the minus sign’ – something that is consistent with symbolic 

1 Features of these participants’ self-reports supported this conclusion.  One reported recalling the cosine is an even 
function, while another indicated using the unit circle initially with cos(–θ+0) problems, then shifting to an explicit 
rule-based strategy on later encounters with such problems. 

                                                 



21 
 

rules in some situations (e.g. (–A) = –(A)), but is not legitimate when dealing, as here, with a 

minus sign found in the argument to a function. 

An examination of three very different trigonometry and pre-calculus text-books 

(Foerster, 1990; Gelfand & Saul, 2001; Hornsby, Lial & Rockswold, 2011) reveals four different 

ways in which the cos(–θ)=–cos(θ) relationship is communicated.  Due to the centrality of the 

cosine function, and of this particular relationship, all four of these ways of representing the 

relationship are typically presented (though not at the same time).  One relies on a symbolic 

expression like the one just given, typically occurring in a table along with sin(–θ) = –sin(θ) and 

corresponding expressions for the other trigonometric functions (tangent, cotangent, secant & 

cosecant).  A second relies on the categorization of the sine and cosine functions as odd and even 

functions (an odd function is one in which f(–x) = –f(x); in an even function, f(–x) = f(x)).  A 

third relies on the visualization of the sine and cosine waves in a graph extending to the left and 

right of the point along the horizontal (θ) axis where θ=0 (Figure 2, waves).  The sine wave rises 

from –1 at –90 degrees through 0 at 0 degrees to +1 at +90 degrees, while the cosine wave falls 

symmetrically from 1 toward 0 as one moves either to the left or right from θ=0. The fourth 

relies on the unit circle, as shown in Figure 3, top left. Our results suggest that the unit circle 

plays an especially significant role in allowing participants to understand cos(–θ).  

Why would the unit circle be especially effective, both in general and specifically for 

cos(–θ+0) problems?  This is an important open question for future research.  We considered the 

possibility that the effect is due to greater frequency of exposure to or use of the unit circle.  We 

found no evidence of greater exposure to the unit circle, relative to rules, waves, or the right 

triangle.  Nor did we find greater prior use of the unit circle relative to rules or the right triangle.  

We did find greater prior use of the unit circle relative to waves, and it should be noted that we 
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did not specifically probe for prior exposure or use of rules or other representations in the 

specific context of the kinds of trigonometric identity problems we have used, which are only a 

subset of a vast range of types of trigonometry problems.  Thus, we cannot rule out all versions 

of exposure or prior use-related arguments.   In the absence of any direct support for this 

possibility, however, it may be useful to consider other possible explanations. 

A second possible explanation – relevant particularly to cos(–θ) – is that, when 

considered simply symbolically, it is completely arbitrary which of sine and cosine is the 

function for which f(–x) = –f(x) and which is the one for which f(–x) = f(x), or equivalently, 

which one is odd and which one is even; furthermore, participants may over-apply 

underconstrained rules or heuristics that are not generally valid, such as pulling out the minus 

sign.  Our suggestion, then, is that a visuospatial representation might provide additional 

constraints not directly present within the symbolic representation itself.  

Why, in this context, might visualizing sine and cosine in terms of the unit circle be better 

than visualizing the sine and cosine functions as waves?   Here, we appeal once again to the 

arbitrariness of the labels of the two wave functions.  If sine and cosine are defined solely by 

their wave functions, there is again an arbitrary relationship between the name of the function 

and the graph to which the name applies.   While ultimately the association of cos(θ) with the x-

coordinate and sin(θ) with the y-coordinate in the unit circle is also arbitrary, there may be 

several factors that facilitate the association of cos(θ) with the x-coordinate and sin(θ) with the 

y-coordinate.   

Homology with the canonical right triangle. Initial exposure to the concepts of 
sine, cosine and tangent generally occurs in a high-school geometry class, where these 
concepts are defined with reference to a right triangle presented visually in what we will 
call the ‘canonical configuration’ shown in Figure 2 (triangle); in this configuration, the 
acute angle designated by θ in the figure is usually the one in primary focus, and so we 
will call it the canonical angle.  In this context the cosine is defined as the length of the 
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side adjacent to the focal angle divided by the length of the hypotenuse, while sine is 
defined as the length of the side opposite the focal angle divided by the length of the 
hypotenuse.  In this configuration, the cosine is associated with the horizontal side of the 
right triangle, and the sine is associated with the vertical side2.  (b) The measure of the 
canonical angle grows from 0 as the size of the opening grows.  If trigonometry students 
bring this knowledge with them to the unit circle, they can map the canonical triangle into 
the first quadrant of the unit circle by positioning the canonical angle at the origin and 
setting the length of the hypotenuse to 1.  The cosine then becomes the length of the 
horizontal side of this triangle, and the sine becomes the length of the vertical segment.  

 
Homology with the canonical applied trigonometry problem.  Initial exposure to 

the concept of sine is typically associated with the height of an object above the ground 
while cosine is typically associated with the distance of an object from the point at which 
the angle between the ground and the top of the object is measured.  A review example 
used in Foerster (1990), displayed in Figure 10, illustrates this.  The problem can be 
solved by looking up cos(53), solving for hypotenuse in cos(53) = adjacent/hypotenuse 
(where adjacent = 47.3 m), then looking up sin(53) and solving for opposite in sin(53) = 
opposite/hypotenuse. 

 
In short, it may be that the identification of cosine with the x-coordinate of the unit circle and 

sine with the y-coordinate of the unit circle are more firmly grounded in a history of visuospatial 

associations in which the cosine is related to a horizontal length or distance and the sine is 

related to a vertical length or distance.   With this, and with knowledge of the extension of the 

canonical triangle and canonical angle outside the first quadrant, the unit circle may then provide 

a unifying visuo-spatial framework linking real-world horizontal and vertical dimensions and 

prior trigonometric experience with the concepts of cosine and sine respectively. One could go 

further and suggest that the canonical association of the x-axis with horizontal position in space 

and the y axis with vertical position in space underlies the xy-coordinate plane itself, and the 

convention of aligning the unit circle with this coordinate plane so that an angle of 0 corresponds 

to a radial line superimposed on the x axis reflects the canonical association of trigonometry with 

the measurement of angles and distances in a 2-dimensional framework. 

2 .  It should be noted that trigonometric relationships need not be presented in canonical triangles, and trigonometry 
students are expected to know how to apply them in non-canonical situations.   Nevertheless, the canonical 
angle/triangle, by virtue of the frequency with which it is used, may provide an anchor for the concepts of sine and 
cosine on the unit circle.   
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Figure 10. From Foerster, P. A. Trigonometry: Functions and applications (1990), p. 27.  
Permission pending.  

 

Before closing, we note that other populations may have differences in expertise or 

experience in trigonometry, which likely influence the representations used and perhaps the 

relationship between representation and performance.   There are hints in our findings and in 

comments from informal discussion with experts that reliance on visuospatial representations 

may be associated with initial stages of mastering the concepts involved, and it is possible that 

explicit reliance on such representations is replaced with a rule-like retrieval process for some 

participants.  That is, experts may ‘just know’ that cos(–θ) = cos(θ), and so be able to short-

circuit visuospatial reasoning, just as children may come to ‘just know’ arithmetic facts such as 

‘2+3=5’, and may thereby be able to short-circuit an initial strategy based on holding up the 2, 

then 3 fingers, then counting all of their fingers (Siegler & Jenkins, 1989). 

Another future direction of research would be to answer calls for computational models 

of these intuitive spatial reasoning processes.  Shepard (2008) invited cognitive modelers to 

consider implementation of explicit models of ways spatial representations might be used to 

support mathematical and scientific reasoning. Wertheimer (1985) also called for a re-

examination of Gestalt research on problem solving and insight, and questioned the ability of 
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symbol-processing-based mechanisms to simulate the creative processes underlying problem 

solving.  

Additional studies along with computational modeling will be needed to fully elucidate 

the reasons why the unit circle seems well-suited for the problems in our task.  Perhaps, as 

suggested above, the unit circle may be less arbitrary than other representations, grounding 

trigonometric concepts more effectively with conventions and relationships that learners are 

already be familiar with.  Or perhaps the highly symmetric nature of the circle allows for easier 

computation.  Or some other constraint of this spatial representation leads to intuitive problem 

solving.  As we accumulate knowledge about the unit circle and other kinds of mental 

representation used in trigonometry, we will extend our understanding of the psychological 

processes underlying higher-level mathematical thought beyond the pure symbolic logic of 

formal mathematics. 
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